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Abstract 

o 

■ Covariant differential calculi and exterior algebras on quantum homogeneous spaces 

endowed with the action of inhomogeneous quantum groups are classified. In the case 
I of quantum Minkowski spaces they have the same dimensions as in the classical case, 

-^j^' Formal solutions of the corresponding Klein-Gordon and Dirac equations are found, 

r-^ ■ The Fock space construction is sketched. 

> '. Introduction 

^ ■ It is well known that lattice-like theories serve as regularization schemes in quantum field 
^ theory. But after introducing the lattice, we no longer have the full symmetry of the original 

theory. On the other hand, there was a lot of interest in quantum spacetimes endowed with 
the actions of quantum groups which are deformations of the objects used in the standard 
field theory (cf. 0], 0, 0, 0, |23|, p|, §, |], |28|, 0). There were two motivations 



of such a development: providing naive models of changed geometry at the Planck scale 
and attempts to regularize the theory while preserving the 'size' of the symmetry group in 
such a way that the regularized theory could still be imagined as the theory of our universe. 
Although the present paper doesn't provide support for any of these claims, we find a lattice- 
like behavior of certain quantum Minkowski spaces. It has two aspects: 
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It was found |]TT| that in the differential calculus on R corresponding to the one- 
dimensional lattice one has 

xdx = {dx)x + Idx 

where x is the identity function and I is the lattice constant. In Section ^we describe 
differential calculi on quantum Minkowski spaces by a very similar relation (|L] 



2. For the above differential calculus on R one has df = dxd{f) = d{f)dx, where / is a 
function on R, = + -/(x))//, = (/(x) -/(x-/))// (cf. Setting 
A = dd = dd, one gets 

where k = pl/2. Thus we obtain an additional factor ^^p-^ (comparing with the action 
of the usual Laplacian d'^/dx'^). In Section ^ similar factors appear in the description 
of eigenvalues of the Laplacian on quantum Minkowski spaces. 

In Section |l] we recall the definition of homogeneous quantum spaces M (e.g. quan- 
tum Minkowski spaces) endowed with the action of inhomogeneous quantum groups G (e.g. 
quantum Poincare groups). We classify the differential calculi on M which have the same 
properties as in the classical case. They exist if and only if a certain matrix F (related to 
the existence of quasitriangular structure on G [0) vanishes, in which case they are unique. 
In Section |^ we prove that each such calculus has a unique natural extension to an exte- 
rior algebra of differential forms. In the case of quantum Minkowski spaces the modules of 
/c-forms have the classical dimensions (f). In Section ^ the properties of partial derivatives, 
Laplacian and the Dirac operator are investigated. We heuristically assert hermiticity of the 
momenta and Laplacian. In Section ^ we find formal solutions of Klein-Gordon and Dirac 
equations for two special classes of M. They are obtained from the plane waves e'^^"-^" , but 
the eigenvalues of the momenta are related to Pa in a complicated way in general. The sketch 
of the Fock space construction is provided in Section ^. 

We sum over repeated indices (Einstein's convention). We use covariant and contravariant 
indices but each object is used only with one fixed position of indices (except for g"-'' and 
Qab which are inverse one to another: g°'''gbc = QchQ^"' = ^""c)- If V-, W are vector spaces then 
r: V <^W ^ W ®V is given by r(x ®y) = y^x, x & V, y & W. We denote the unit matrix 
by 1, l'^'^ = 1 (g) . . . (g) 1 (fc times). If A is an algebra, v G Mn{A), w e Mk{A), then the 
tensor product v ® w E Mnk{A) is defined by 

{v ® wY^M = v\w^i, i,k=l,...,N, jj = 1,...,K. 

We set dimt> = A^. If ^ is a *-algebra then the conjugate of v is defined as v E M^i^A) 
where w*-,- = (f*j)*. We also set v* = v'^ {y'^ denotes the transpose of f , i.e. {y'^)i^ = v^i). 
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Throughout the paper quantum groups H are abstract objects described by the corre- 
sponding Hopf (*-) algebras Poly (if) = A). We denote by A,e,S the comultiplication, 
counit and the coinverse of Poly (if). We say that f is a representation of H (i.e. v G Rep H) 
if t; e Mn{A), N eN, and 

Av'j = v\ ® v^j, eiv'j) = i,j = l,...,N, 

in which case S{v^j) = {v^^Yj. Matrix elements of all v G Rep H linearly span A. The 
conjugate of a representation and tensor products of representations are also representations. 
The set of nonequivalent irreducible representations of H is denoted by Irr H. If v,w G 
Rep H, then we say that A G Mdiint,xdim«)(C) intertwines v with w (i.e. A G Mor(t>,w)) 
if Av = wA. For p, p' G Al (the dual vector space of .4) one defines their convolution 
p* p' = {p® p')^- For p G v4', a G v4, we set p * a = {id ® p) Aa, a* p = (p id)Aa. 

1 The covariant differential calculi on quantum ho- 
mogeneous spaces 

In this section we recall the definition of the quantum homogeneous space M endowed 



with the action of inhomogeneous quantum group G [|T7|. The corresponding unital algebra 
C = Poly(M) is generated by quantum coordinates x^, i = 1, . . . , N. We prove that there 
exists a covariant differential calculus on M which has dx^, i = 1, . . . , N, as the basis of the 
module of 1-forms if and only if a certain matrix F = 0. Moreover, such a calculus is unique. 
We specify the quantum Minkowski spaces endowed with the action of quantum Poincare 
groups [jl8| for which F = 0. 

Throughout the section Poly(ii) = {A, A) is any Hopf algebra with invertible 5* (we need 
invertibility of S in the proof of Theorem |1.1| , it was not needed in [|l^]) such that 

(a) each representation of H is completely reducible, 

(b) A is an irreducible representation of H, 

(c) Mor(f ® w, A® V ® w) = {0} for any two irreducible representations of H. 

Moreover, we assume that rj^ G A', T^^ E C, i, j = 1, . . . , N = dim A, are given and 
satisfy 

1. A3 a p{a) = ^ "^^^^ ^s{a) ) ^ ^N+i{C) is a unital homomorphism, 

2. AMf\. *a) = {a* f^)A\. for a e A, 

3. i?2 = 1 where R'^ sm = fm{A^s), 
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4. (A ® A)^\j{T'^ *a) = a*T^^ for a e A where t'^ = {R- lY^mniv"' * r/™ - r/"^(A"s)r?' + 

5. AsF = where A3 = l0l0l-R0l-l0R+{R0 1)(IL O i?) + (1 

6. A^iZ ® 1 - 1 ® Z)r = 0, RT = -T where Z^^fc = r/*(A^fc). 

In particular, 4.-5. are satisfied if r*-^ = 0. The inhomogeneous quantum group G 
corresponds to the Hopf algebra Poly(G) = A) defined (cf. Corollary 3. 8. a of |T^) as 
follows: B is the universal unital algebra generated by A and y\ i = 1, . . . ,d, satisfying the 
relations Ib = Ia, 

y'a = {a * ft)y' + a*ri'- A\{ri' * a), a G A, (1.1) 



0. 
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Moreover, {A, A) is a Hopf subalgebra of {B, A) and Ay* = A*j ® + y"^ ® I (note that 
the were denoted by in fl^). We define C = Poly(7Vl) as the universal unital algebra 
generated by x*, i = 1, . . . , A^, satisfying 

{R - l)^^fc;(a;V - Z'^^sx' + T^') = 0. (1.3) 

The action of G on M is described by the unital homomorphism ^ : C ^ B ®C such that 



A' 



+ y 



;i-4) 



(e (g) id)"^ = id, {id (g) \E')\I' = (A (g) id)"^. The pair (C, \&) was investigated in Section 5 of 



T7| . We assume 



Mor(/,A(g) A® A) = {0}, 
Mor(/, A ® A) n ker(i? + 1) = {0} 



;i.5) 

1.6) 



((|1.5|)-(pr^) are satisfied for G being quantum Poincare groups 10). Then M is called 
quantum homogeneous space and has the properties analogous to the Minkowski space (cf. 
Section 5 of [T^, Section 1 of |l^). The 'sizes' of B and C were described in Corollary 3.6 
and Proposition 5.3 of |T7 |. 

Motivated by ||20|, [|14| we have 

Definition 1.1 We say that F^^ = {T^^, d) is a covariant differential calculus on M if 

1. V^^ is a C-himodule, ujIq = Iq^ = uj for uj G F^^, 

2. -.T^^ -^B® satisfies 

(a) {e ® id)m^^ = id, {id ® ^^i)^^i = (A ® id)'^^\ 
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(b) ^^i(cua) = ^^^(cj)^(a), ^^^(acj) = ^(a)^^i(cu) for u e T^S a G C, 
3. d : C ^ is a linear map such that 

(a) d{ab) = a{db) + {da)b, a,b 

(b) {id®d)^ = ^^irf, 

(c) = span{((ia)6 : a,b E C}. 

We say that T^^ is N -dimensional if dxi, i = 1,...,N, form a basis of T^^ (as right 
C-module). 



Theorem 1.1 There exists N -dimensional covariant differential calculus on M iff F = 0. 
In that case it is uniquely determined by 



x'dx^ = R^kidx^x^ + Z'^kdx'', i,j = 1 
m^^dx' = K'j®dx^ , i = l,...,Ar, 



,...,iV, 



;i.7) 



Proof. Let -T^^ be A^-dimensional covariant differential calculus on M. Using ( p. .41) and 
condition 3b) of Definition |L1|, one gets (|1.8|). The linear mappings c?j : C — > C, : C ^ C, 
i,j = 1, . . . ,N, are uniquely defined by 



da = dx^di{a), adx^ = dx^p/{a). 



Using condition 3a) of Definition |LT| and {ab)dx^ = a{bdx^), one gets that 



C:C3a 



a 



G Mn+i{C) 



is a unital homomorphism. Conditions 2b) and 3b) of Definition |L1] imply 

{id ® dj)^{a) = {A' J ® I)^{di{a)), j = l,...,N, 
{td(g)pk')^ia)iA'j(g)I) = (A^',,®/)^(p/(a)), z, A; = 1, . . . , iV, 



(1.9) 
1.10) 

;i.ii) 
;i.i2) 



a G C Moreover, 

d,ix')=6'j, z,j = l,...,iV. (1.13) 

Conversely, any unital homomorphism ( |1.10| ) satisfying ( |1.11| )-( [1.13| ) for a G C defines, 
through (|1.9|) , a covariant A^-dimensional differential calculus on M. So we need to find 
all such homomorphisms. Let us notice that it is sufficient to check ( |l.ll| )-( p..l2| ) for a = x'. 
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/ = 1, . . . , (they are trivial for a = I and if a, b satisfy them then — using the homomor- 
phism property — a ■ b does also). But for a = ( p. . 1 Ij ) is trivial. Moreover, C is determined 
by 







X 



I = 1, . . . , N, where K/^ = pi^{x^). The equation (|1.13|) and the existence of C (for given K) 
are equivalent to (|1.3|) with replaced by h^. This can be translated to 



d[{R - ^Yhi^x^x' - Z''\x' + T'=')] = 



0, 



;i.i4) 
;i.i5) 



where the left hand sides should be expanded using condition 3a) of Definition |1.1| and (|1.9| ) 
so that dx'^ appear on the very left of the equations. Then the condition means that the total 



coefficient multiplying dx^ from the right is zero. The condition (|1.12| ) for a = x means 



I.e. 



where {G ^ 

(El)- 



■^{Kj') = {G®^® \, ® Ku'J + G:Jy'K\ ® I (1.16) 
= A^i {G = [S-\A)f = (A^y^). Thus we need to find K satisfying ( IlTH) - 



Now (|1.7|) is equivalent to Kk^ = pk^{x'^) = kix^ + Z"^^ k- It is easy to check that 
such a K satisfies ( |1.14| ) and ( |1.16| ). Suppose there exists another K satisfying ( |1.16| ). 
Then M = K - K satisfies ^{Mj') = (G O A ® A)J\ ^tj ® Mk^K Using Condition 2. of 
Section 5 of il^, one gets Mj' G C, Gj'A^A'jMk^^ = Mj'\ Muhiplying from the left by 



and setting t/*^ = M,*^ one gets A\A^jU^y = 



Am \ p 



U e Mor(A, A ® A) = {0}, U = 0, M = 0, K = K. 



Therefore uniqueness follows. Expanding (|1.15| ) and using ( |1.7| ), one gets that (after a long 
computation) the total coefficients multiplying dx'^ from the right are zero if and only if 

L, (3.61) and 
□ 



F = (we use the results of |T^: Proposition 5.3 and Remark 5.4 for N = 
(3.30)). Thus the existence statement and (|1.7| ) are proved. 

All the assumptions (including (|1.5|)-([L^)) are fulfilled if if is a quantum Lorentz group 



2^ , G is a quantum Poincare group and M is the corresponding unique quantum Minkowski 
space |]18|. According to Theorem |1 . 1| , there exists 4-dimensional covariant differential cal- 
culus on the quantum Minkowski space iff F = 0, iff A = (see the proof of Theorem 1.6 of 



||18|), which holds for all cases except of the following: 

1), t = 1, s = 1, to e R\{0} 
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5), t = 1, s = ±1, to e R\{0} 
4), s = l, MO 

(in the terminology of Theorem 1.6 and Remark 1.8 of ||18|a). Then = 4. Such a calculus 
is unique. 

Let [A, A) be a Hopf *-algebra. Then 5* is always invertible. We also assume 



A = A, r,{S{a*)) = f,{a), 7]\S{a*)) = r]^{a), T^^=T^\ 2, j = 1, . . . , AT, aGA 

In that case Jl^ (-B, A) has a unique Hopf *-algebra structure such that A) is its Hopf 
*-subalgebra and = y*. Moreover, C is a *-algebra with * defined by = a;* and is a 
*-homomorphism. 

Proposition 1.1 Under assumptions as above the N -dimensional covariant differential cal- 
culus on M described in Theorem \1.1\ possesses a unique * : T^^ T^^ such that: 

1. {uja)* = a*uj*, {auj)* = u*a*, u G T^S aeC, 

2. {da)* = d{a*), a eC, 

3. ^^-^[00*) = {^^\uj))*^*, uo e r^^ 

Proof. We must define * : T^-^ T^-^ by 

{dx'-ai)* = a*dx\ ai G C. (1-17) 

In virtue of ( |1.7|) of the present paper, (4.14) and the next formula of ]17 

{x'dx^y = {R'hidx^x^ + Z'^kdx^y 

= W\k{x^dx^ - Z^^gdx"") = dx^x\ 

But 

{x'^dx^Y = {dx^ pk^ {x''))* 

= Pk^ix'-ydx^ = dx''[ps^{pk^{x'-)*)]. 

Therefore ps^{pk^ {a)*) = a*S^s for a = and hence (p is a unital homomorphism) for all 
a E A. This means {ajdx^)* = dx^a*, aj G C. This and ( 1.17|) prove condition 1. for any 
u = dx^tti G r^^. Writing a G C as a polynomial in x^ , using condition 1. and (c/x*)* = dx^ 
(see ( |1.17|) ), one gets condition 2.. By virtue of (|1.17|) and ( |1.8|) we obtain condition 3.. 

□ 

In particular, all the above *-structures exist for quantum Poincare groups [|18] , quantum 
Minkowski spaces and 4-dimensional covariant differential calculi on them. 

Remark. In the case of Z = T = formulae (^, (|21]), (^, (|X|), (^), ( ^TT^ and 



the second formula of ( p.2| ) or their analogues were studied in several contexts in pO[, 

i, p, n, i, i. 



^In the old version of Remark 1.8 of iQ one should replace t by (except of expressions t = 1). That 
to is identified with t of (3)-(4) of Ref. 16 of 
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2 Exterior algebras 



In this section we construct the exterior algebras for the A^-dimensional covariant differential 
calculi described in the previous section. In the case of quantum Minkowski spaces the right 
C-module of fc-forms has dimension (|) as in the classical case. 

Throughout this section = (r^\ ci) is an A^-dimensional covariant differential 
calculus on quantum homogeneous space M endowed with the action of inhomogeneous 
quantum group G as described in Theorem p..l| . In particular, we assume all the conditions 



introduced before Theorem 1.1 and that F = 0. 



Definition 2.1 (cf. J26[, [|20[, We say that = {T^,^^,d) is an exterior algebra 

on M iff 

1. = ©J^qF^" is a graded algebra such that F^*^ = C and the unit of C is the unit of 

F^ 

2. '^^ -.T^ ^ B is a graded homomorphism such that 

{e ® id)^"" = id, (zrf ® ^^)*^ = (A ® id)^^, = ^, 

3. d : is a linear mapping such that 

(a) rf(F^") C F^("+^), n = 0, 1, 2, . . 

(b) d{e A 9') = de AO' + {-1)''9 A d6' , 9 G F^^ 6' G F^ (A denotes multiplication m 

(c) (id^d)^'' = 

(d) dd = 0, 

4- F^" = span{{dai A ... A dan) G C} (we omit A if one of multipliers 

belongs to C ), 

5. F^^, \E'^^, d : C ^ F^^ are as in Definition |7T1| and Theorem |i.i| , 

6. if {T^, d) also satisfies 1.-5. then there exists a graded homomorphism p : F^ ^ F^ 
which is an identity on C and satisfies = {id ® p)'^'^ , dp = pd (universality 
condition). 

We set Rnk = l^^^"^' R® l^C"-'^-!), R„^ = R^,^^ ..... for any permutation 
TT = tfc, ■ . . . ■ tfc^ G n„ where 4 is the transposition A; ^ + 1, A„ = ^ E7ren„(-1)^^^ '^Rmr, 

A = An, RnkAn = AnRnk = ~An, k = 1, 2, . . . , 77. — 1. 
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Let a' = {a^ : i = 1, . . . , dim A„} be a basis of im An, /?' = {Pj : j = 1, . . . , dim(l — An)} 
be a basis of im(l — An). Then a' U /5' is a basis of (C^)^". We denote by a U /3 the dual 
basis. Therefore 

a'An = a\ (3^ An = 0, (2.1) 
An = a[a\ (2.2) 

Theorem 2.1 There exists a unique exterior algebra on M. The n-forms 

u'< = all^^^^^Jx^^ A ... A dx^-, 7 = 1,..., dim A^, (2.3) 
form a basis of the right C-module F^". Moreover, 

dx' A dx^ = -R'hidx^ Adx\ i,j = 1,...,N. (2.4) 

Proof. Assume that = {S^, ds) satisfies conditions 1.-5. of Definition |2]l|. Acting ds 
on (|l3), one gets (U). Set rfx^ = dx'^ A ... A dx'" where J = {ii, . . . , i„) G {1, . . . , A^}" = 
jV{"), They generate the right C-module F^". We obtain dxg = —{Rnk)^Kdxg, dxg = 
(_l)Sgn 7T (^R^^y j^dx^ , dxi = {AnYKdx^, (|3) generate the right C-module S^"^. More- 
over, S^'^ = {dx^aj : J G A^*^"-*}, formulae for ds{dxgaj), \l/g((ix^aj) are determined by 



conditions 2. and 3(b)(c)(d) of Definition p.l| . Thus it suffices to construct F = (F^, d) 



which satisfies the conditions 1.-5. of Definition T/l and such that u'^, 7 = 1, . . . ,dim An, 
are independent in the right C-module F^"-. 

We set F = F^\ F®o = C, F®" = F ®c . . . ®c T, F® = ©^=or^", dx^ = dx'' A ... A rfx^" 
for/ = (zi,...,z„)GAr(«), 



L[J = span{dx^ - {AnY xdx^ : J G A^^^^}, 

= L[}C, L = ©^=0^". r""" = F^'^/L", F^ = ©^^or^" = T^/L. 

Then F*^" are C-bimodules, F® is a graded algebra, cj'*', 7=1,..., dim form a basis of the 
right C-module F^" (cf. (U)). We see that = span{c/x-^ + {RnkY xdx^ : J G A^^"), = 
1, . . . , A^ — 1}. Thus L is the right ideal generated by dx^ ® uj^^, K G A^*^'*^ s = 0, 1, . . ., 
i,k = l,...,N, where uj''' = dx' 0c dx^ + R'hidx'' ©c dxK Using and (3.11), (3.61) of 



13, one shows that 

where / = Z © 1 + (i? © 1)(1 © Z). That and ( |1.7| ) prove that L is the ideal generated by 
uj^^ and condition 1. of Definition |2.1| follows. Moreover, (p.4|) is satisfied. 
We define a linear mapping v]/'^ : F® ^ F*^ by 

^^(a;i ©c . . . ©c ^n) = cc^r^^'^ ■ . . . ■ © cuf ^ ©c . . . ©c (2.5) 



9 



where Ug € F^^, '^'^^{ujs) = co^^^ ® c<jp) (Sweedler's notation), s = 1, . . . ,n. Then is well 
defined, ^H^tu''' = A*jA'=™ ® cj^™ (see ([OD), ^®(L) C i3 ® L, ^® defines : = r®/L ^ 
i3 ® which satisfies condition 2. of Definition |2.1| . 

We set d{uj"'a^) = (-1)"^^ A da^, i.e. (see (p]), (^) 



d{dx-^aj) = (-l)l'^ldx'^ A rfaj, aj G C, J G A^^^^ | J| = n. (2.6) 
Conditions 5., 4. and 3(a) (c) follow. Moreover, 

ddx-^ = 0. (2.7) 

We shall prove 

d{ajdx'^) = daj A dx'^ . (2.8) 

Due to ([13), (i;!) and (U) 



d{x'dx^) = d[R'hi{dx^)x^ + Z'hdx^ 
hi 



-R-Kidx^ A dx^ = dx"- A dxK 



Thus X* G = {a G C : d{adx^) = da A dx*, z = 1, . . . , A^}. Moreover, ii^ is a unital algebra 
(we use ( |1.9| ) and ( p.6| ) in order to find LHS in the definition of E and perform a direct 
computation). Hence (^D for | J| = 1 follows. According to (|2.6|) , d{dx'' Au) = — dx* A duj 
for cij G r^. Using this, (|1.9| ) and the mathematical induction w.r.t. | J|, a simple calculation 
proves (pD in the general case. Then it is easy to check condition 3(b). 

We set F = {a G C : dda = 0}. Then x* G -F (see ( p.7| )) and F is a unital algebra (we 
use (|2.6| ), (|2.8| )). Thus F = C. This and ( p.TD show ddu = for any u = dx^^aj and also 
condition 3(d) follows. □ 

We also have 



Proposition 2.1 Under the assumptions of Proposition \1.1\ there exists a unique graded 
antilinear involution * : ^ such that 

(a) {e A e'Y = {-i)^^e'* Ae*,ee e' g r^S 

(b) ^^(r) = (^^(^))*®*, e G r^, 

(c) d{e*) = d{e)*, G r^, 

(d) * on r^^, coincides with the original one. 



Proof. We use the notation of the proof of Theorem |0. We define * : F®" F®" by 
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for cji, . . . , cj„ G Using (4.14) of [T^], {u'^)* = dx^ ®c dx' + W'lkdx^ ®c dx'' = uj^\ Hence 
L* G L and we get * : F'^" F^" satisfying conditions (a)(d). Condition (b) follows from 
(p.5|). We see that conditions (a)(d) imply 

{dx'aiY = a*j{dx'y = {-l)™'\-^^^^a}dx'\ (2.9) 

where /' = {in, ■ ■ ■ for J = (ii, . . . , z„). Therefore * is unique. Set 9 = dx^aj. According 
to (OD, (0|), condition (a) and (|2r 



d{e*) = (-l)l^l(l^l-^)/2^(a/)* A dx^' = {{-if^dx^ A daj)* = {dO)* 

and condition (c) follows. □ 

In particular, quantum Minkowski spaces with F = (described after the proof of The- 
orem |1.1| ) admit a unique exterior algebra as described in Theorem ^Tl] and Proposition p?l 



Moreover, using the arguments of the proof of Theorem 1.9 of [0, we get 



Proposition 2.2 Let M be a quantum Minkowski space. Then dim = (|), k = 0,1,2,3,4, 
dimAfc = for k > 4. 

3 Differential operators 

Here we introduce and investigate the properties of the momenta Pj = idj, = id^ , the 
Laplacian D and the Dirac operator f. In particular, the momenta commute with D. We 
heuristically show that P\ D are hermitian. 

Throughout the Section we deal with the exterior algebra on M as described in Theo- 
rems |l]l| and |2.1| . Further assumptions will be made later on. Let us recall that the partial 
derivatives di were defined by ( |1.9| ) and satisfy ( |1.13| ), ( |1.11| ). Their values can be computed 
using the unital homomorphism ( |1.10|) . They satisfy the following 

Proposition 3.1 1. One has 

didk = R''kidA, t,J = h...,N. (3.1) 

2. There exist Xi' , Yi G B' such that 

= (X>' ® id)^, di = {Yi ® id)^. (3.2) 

3. One has 

dcPa = PddbR'"^ac, R^^bdPc'^Pa = PdPbR^'^ac- (3.3) 



11 



Proof. Ad 1. Let aeC. Using (|r|) and we get 





But 



dda = d{dx^di{a)) 
— dx* A d{di{a)) 
—dx" A dx^djdi{a) 

— A dx^ — E}^ kidx'^ A dx^)djdi{a). 



-{dx' A dx^ - Rhidx^ A dx^) = {A2Y\idx^ A dx^ = {a'^Y^uj' 



(we have used (p.2|), ( p.3| )). In virtue of the independence of 00"^, {a'^yWjdi = 0. Multiplying 
by {a')ki and using (U), we get 



Ad 2. We set 



X(a) 



e{a) 
' 



a e A, 



t = l N. 



(3.4) 



(3.5) 



There exists a unital homomorphism X : B ^ MAr+i(C) which satisfies (|3.4| )- (|3.5| ) (X(/^) = 
1; using F = and (2.18) of for 6 = f*^;, v G Rep if, we show that X{a), Xiy') satisfy 
(|L1D-(PD for a = v'j,ve Rep H). We have 



X 



e 



where X/, Yj G B'. By a direct computation (cf. the proof of Theorem [L^) 

£(x) = (X®ic/)^(x) (3.6) 



for X = G C But £, X are both unital homomorphisms. Hence ( |3.6| ) follows for all x E C. 
This proves (|3.2| ). 

Ad 3. We set X+ = X, ^ = 0, X, + = e. We claim that 



(X," * X/)irb/* = Kj^iX,' * X/), a,c,s,t = l,...,N,+ 



(3.7) 



where 

f \ 

10 

10 

V 1 y 

Indeed, since X is a homomorphism, it is enough to check (|3.7| ) on a G ^ (which follows 



K 



from ( |3.4| ) and the last formula before Proposition 3.14 of [[l^]), and on 



1 X, 
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(which can be obtained by a direct computation - see (3.61) of fl^l)- Using ( p.7| ) and ( |3.2| ), 
one easily gets (|3.3| ) and also ( p.l|) . □ 



Let us notice that 

dx'^di{x^a) = d{x'^ a) = {dx'^)a + dx^ di{a) 

= dx'[5''ia + R'^^inX'^diia) + Z''^idi{a)l i.e. 

d.x'' = 5\ + (i?''.„x" + Z'''i)di. (3.8) 

In the following we assume that g = {g''^)ah=i ^ Mor(/, A ® A) is a fixed invert ible 
matrix. It is called the metric tensor. Then (see (1.12) of fl^ and (|1.6| )) Rg = g. Moreover 
9'^ = i9ab)a,b=i e Mor(A ® A, /) (A^A^ = g implies A-^ = gA^g-\ A^g^^A = g-^). In the 
case with * (as in Propositions [Ll] and p.l|) one has g G Mor(/, A ® A), where g"^^ = g^^. 
Then we also assume g = g. Such g exists e.g. for quantum Poincare groups and in this 
case is given (up to a nonzero real multiplicative factor) by g^/^m, where m is given after 



Theorem 1.12 of [|T|] (we use (2.2) of H, m"! = {E' ® E't){\ ® X'^ ® 1)(V" ® V)). 

We set d" = g^^d^, Pa = ida, P" = id\ □ = g'^d^di = gijd'dK Moreover, d'd^ = 
R^kid^d^ (we use (O and twice g^^R^'^M = R^'^akg^", which follows from W'^ak = {R'^^ak = 
f^aiiA-yk) and A'^ = gA^g'^). Using (3.64) of for m = ^ and d^), one easily gets 

\Jdk = dkB. (3.9) 

Therefore D commutes with all dk, d'', Pk, P^- Moreover, (|1.11|) implies 

[id ® U)^{a) = ^{\J{a)), (3.10) 

{id ® d^)^{a) = {{A-yi ® I)^{d'{a)). (3.11) 

The momenta Pj, P^ transform under the action of the inhomogeneous quantum group G 
in the same way as the partial derivatives dj, in ( |1 . 1 1| ) , ( p.ll| ). 

The Dirac gamma matrices are defined as matrices 7" G Mrf(C), a = 1, . . . , A^, satisfying 

7V + R'^dcl'Y = ^g'""!, a,b=l,...,N, (3.12) 

(cf. [^). It seems that one can analyze irreducible representations of the relations 

( p.l2| ) only case by case for particular matrices R. In the following we assume that such an 
irreducible representation has been chosen. Then the Dirac operator ^ = 5^7" satisfies 

= ■ 1 = □ ■ 1 

(cf. PI). Let f = i^. Then f ^ = -□ ■ 1. 
Later on we shall need the following 
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Proposition 3.2 One has 



d^x^ = g^'' + WKbx'^d^ - {RZy\d^ (3.13) 



Proof. According to (p]), d^x'' = g^^ + G^^abX^'d^ + V^^bd\ where 



G^^ab = g^^R^^iagib 

= f\{g^^A\gik) 

= f\{{A-yb) 

= iR-y'ab 

= R^^ab, 

= g^'Z^^gi, 

= r]^{g^'A\gib) 

= v'ii^-yb) 

= -{Rzy\ 



(cf. the proof of Proposition 4.5.2 of fl^). □ 

In tlie remaining part of the section we shall heuristically prove that the operators P"^, D 
are hermitian. A strict proof of that fact would need the existence of topological structures 
on the quantum spaces G, M. Therefore the considerations below serve as a motivation 
for such a topological approach. We shall assume the existence of a G-invariant measure 
II defined on some "functions" x on M (elements of C are also "functions" on M but we 
don't expect /i to act on them; nevertheless we shall disregard such subtleties here). Thus 
{id ® /i)^a; = ii{x)Ib- One has the scalar product {x \ y) = fi{x*y). Using (|3.2|) , we obtain 

(/ I dix) = fi{dix) 

= /i(Fj (g)id)^(x) 
= Yi[{id0 iJ,)^{x)] 
= UIb)^{x) 
= 

(0 = dj = Yi{I)I), (/ I P^x) = 0, (P")*/ = 0. Also P"! = 0. Moreover, hermitian 
conjugate of ( p.l3|) yields 

x\d^y = g''^ + R^\^{d^yx'' + z^h{d^y^ 

i.e. 

[d^yx'' = + E}>\jx\d^y - {Rzf\{dy. 

This means that P^ and (P^)* commute with x"" in the same way. Thus they act in the 
same way on all elements of C and P^ is hermitian. This and gab = 'gim show that D is also 
hermitian. 
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4 Solutions of Klein— Gordon and Dirac equations 



We shall consider formal solutions (p of Klein-Gordon equation (D + m?)ip = and Dirac 
equation fip = rmp obtained using the plane waves e"*^"^" . But now pa are not (in a general 
case) eigenvalues of Pa- 
Setting Fi{x^) = R'^^nX'^ + Z'^h and using diX^ = + Fi{x^)di (see (^^), one gets 

n-l 

dj{x^^ . ..x^") = ^ F/i(x'=i)Fi/2(x'=2) . . .Fi^_,*^™+i(x'='")a;'='"+2 . ..x^", (4.1) 

m=0 

where m = term reads 5^^jX^'^ . . . x'^". We shall consider two cases: Z = and R = t. 

1. Z = 0. Let be a new *-algebra generated by j9^, A; = 1, . . . , A^, satisfying (p^)* = p'' 
and p'^p^ = R^^jip^p^ (same relations as for but w.r.t. the opposite multiplication). Set 
Pa = QabP^, i =Pj®^^ . Then 

PaPh = PkPlR^^ah- (4.2) 

We put x®p = x"'®pa&C®T. So in a sense we assume that pa commute with all x^ 
and dm- This doesn't seem to be the case in 0, |0, |[l^, [|l| (cf. also 0, |jl3[, 0]) although 
calculations in the present case 1. (up to the moment when we use vr) are quite similar as 
in these papers. Using (|4.1|) and ( [4.2|) , one obtains 



{dj®id){x®pY = ^{I ®Pj){x®pY ^ = n{I ®pj){x®p)''~'^. (4.3) 

m=0 

Thus in the sense of formal power series w.r.t. t 

{dj ® id)e-^*(^®P) = -it{I ® pj-)e-^*(^®^^ , (4.4) 

(□ ® td)e-''^^^P'> = -t\l ® s)e-''^'"^P\ (4.5) 

where s = g'^-'piPj = gimP"^P^ = PiP^ is a central, hermitian element of JF. Let tt be an 
irreducible * -represent at ion of in a Hilbert space H with an orthonormal basis Ck, k & K. 
We denote iTkiix) = (cfc | n{x)ei), x G JF. In the remaining part of Z = case we assume 
that all performed operations are well defined and have "good" properties. Acting id®Hki on 
( ^ and setting n{s) = e R, {id®7iM){e~'^^''^P^) = ^th one obtains Dy^^ = -t^mVl?- 
In a topological approach one should be able to put t = 1. Then (p = p)^l^^^ is a solution of 
Klein-Gordon equation \Z\p> = —m?ip> in a usual sense (if m > 0). Also (see ( |4.4| )) 

^vir'^ = ^ks{p^)^T"^ 

so one should get a real spectrum of {p' are selfadjoint). 
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Let us pass to the Dirac equation. We denote the canonical basis in by m = 
1, . . . , (i, ^pfi^ = iff! ® Sm- Tensoring ( ^731) by one obtains 

where e.g. (13) means that ^ acts in the first and the third factors of the tensor product. 
Thus 

/(i3)[e"**^"®^^ ® = ¥(23) [e'**^"''"^ ® ^™]- 
Acting by iii ® iiki ® iii, we get 

ML = trrUPa){rymvl (4.6) 

Set ?7^*fcn = 7rfcs(pa)(7")*n.- One has t/^ = m^l. The possible eigenvalues of U are ±m. 
Suppose f/t> = mv for t> G H ®C^. Put (/j^*/ = Then /V'i? = '^^'■pti ■ ^ topological 

approach one should be able to put t = 1 and find a solution ip = v^^*^"^'* of Dirac equation 
f{p = rrup (if m > 0). 

2. i? = r, i.e. i?^^^ = 6'i6^k- Then Rg = g implies = ^^'^ = According 
to the proof of Proposition 4.5.2 of RZ = -tZ, Z = -Z, Z''^ e iR. Let / G R, 
k = 1, . . . ,N, pj = gjkP^ G R. Setting Ui = Z'^^pk £ ^R, x ■ p = x^pj G C, we get 
F/{x ■ p) = 5^i{x ■ p) + UiK This and (|A|) yield {{U^)i^ = ■ Ui,'^ ■ . . . ■ Ui^_J) 

dj{x-pY= [U''''{x-p)U''^{x-p)- ...■{x-p)U'''-]j^pb{x-p)"-^. 

ao + . . . + = m — r 
r>0, Q < m < n — 1 

Let G = J2^oi^^)'' (^^ sense of formal power series w.r.t. t). Since x ■ p commutes with 
U 

oo oo I 

n=0 Z=0 r=0 

But using the mathematical induction 

I oo 

fc-1 



r=0 fc=l 



Therefore 



k=l 

g.^-itx-p ^ [p{-itU)]j''{-itpb)e-'^''-P, (4.7) 



where p{x) = J2kLi "^tt ~ ~F^- Using (3.62) of IjT^ for m = g, one obtains 

Z'^V/^' = (4.^ 
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Urg'^^ = —g^^Us^. In virtue of the mathematical induction {U'^)rg'^^ = g^'^[i—U)'^]s^ , 
p{-itU)/g''^ = g^'p{itU)J. Thus 

where h{x) = p{—x)p{x) = (^^^^^^^^) • Set 

= g'''h{-iU)s'paPb e R. (4.9) 

In a topological approach one should be able to put t = 1 and find a solution if = e"*^'^ of 
Klein-Gordon equation (D + m?)ip = (if m > 0). 
Using (^.71), one would also have 

where pj(*=i) = gJ^p[-iU),^ph G R. 

Let us pass to the Dirac equation. Setting = e~**^''^ ® Sr, one gets fipr = {If^^r'^k, 
where f' = Vj'j^ , Vj = p{—itU)jHpb G R[[t]]- In a topological approach one should be able 
to put t = 1. Then ^ = g^^VjVs^, the possible eigenvalues of 'pare ±m, m = \J g^^VjVs- 
Suppose fh] = mv for V e C^. Put (p = v^cpr = e (S> V. Then (p is a solution of Dirac 
equation f(p = rmp (if m > 0). 

Let us notice that spectra of P\ D obtained (formally) above are real in agreement with 
hermiticity of those operators, heuristically asserted at the end of Section ^ 

The case R = t covers e.g. the quantum Poincare groups of case 1), s = 1, t = 1, 



to = 0. Many of them are described by Remark L8 of |TB[ and [^]. Then eigenvalues A of 
—ill are real or imaginary which yields factors 5 ( ^"|a|/2^0 ('^hen U is 

diagonalizable). Despite the sine factors, of ( |4.9|) is never bounded in the cases given by 
p9| . Hyperbohc sine factors can improve the properties of the propagator gas^_iij^\p^p^_j^,j2 
(M > 0) (although it is never integrable in the cases given by |^) e.g. b = eei A H , a = 0, 
c = in {e G R) corresponds to Uqs = U30 = i£Pi/2, other Uab are and we get the 
propagator 



(po - pi) 



sinh(£pi/4)"' ^ 



epi/4: 

A detailed analysis of Feynman diagrams is not yet possible since the measure in the p- 
space and interaction factors are not known. Let us also notice that for H = 5*0(4), U is 
antisymmetric and we can have only factors of the second type. 



Remark. In differential calculi corresponding to a quantum Minkowski space of ^ 
are considered. Despite other choices of axioms the result is the same as here: there are 



no 4-dimensional covariant differential calculi in that case (due to p9| to 7^ for [0]). But 



nevertheless a different approach suggests a similar form for the propagator as above [0. 
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5 The Fock space 



Here we define the Fock space for noninteracting particles on M. We assume tliat G lias CT 
Hopf *-algebra structure TZ as in Theorem 3.1.3-4 of |]TB[ which is the case e.g. for quantum 
Poincare groups of cases 1) 2) 3) 4) (except 1), s = 1, t = 1, to 7^ and 4), s = 1, 6 7^ 0) as 
proved in Theorem 3.2.3 of [[T^j . 

We follow the scheme of but now we have the left (instead of right) action. The 
particles interchange operator K : C ®C ^ C ®C is defined by 

K{x ®y)= 7^(?/(^) ® x^^^){y^^^ ® x^^)) 

where ^(x) = a;^^) x^^\ ^(y) = y^^^ (g) y^'^\ We set K^"^^ = K (g) ^^in-m-i) . 

_^ (j®"^ m = 1, 2, . . . , n — 1. Then one obtains the representation of the permutation 
group 

acting in C®" which defines the boson subspace C'^""-. The group G acts on C®" by the linear 
mapping : C®" ^ i3 ® C®" defined by 

^®"(a;i (g...^Xn) = x^^^ ■ . . . ■ xl,^) O ^ ® . . . (g) x^^\ 

xi, . . . , x„ e C. One has ^^^i^M = {id (g) i^^'"))^®'", i.e. the actions of G and n„ agree. In 
particular, one can restrict ^^'^ to C®»" getting ^^^'^ : C^'"" B^C^'"^. If IV : C ^ C is an 
operator related to a single particle then the corresponding n-particle operator is given by 

n 1 

m=i l"- -"-z- o-en„ 

(the m-th term in the first sum is the operator in C*^" corresponding to the m-th particle). 
We can also define the Fock space F = ©^gC®"" and the operator ©J^qIV^") acting in F. 

For particles of mass m we should consider ker(n +m^) instead of C and a scalar product 
there but it would lead us beyond the scope of the present article (heuristically e.g. 11^ = P'', 
k = 1, . . . , N, would be hermitian operators in such a space - see ( p.9|) ). 
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